The remarkable properties of certain tops are due to a conservation law which originates in the geometry of the frictional forces. It is shown that spherical tops form three distinct families which perform qualitatively different motions and which are characterized by inequalities involving the moments of interia In contrast to many serious scientific papers, the present one is written to provide entertainment. It concerns the theory of a toy, the so-called 'tippe top'. After all, the honourable Lord Kelvin himself found the toy worthy of his attention and a historical photograph documents that Bohr and Pauli also gave it a thoughtful look (see the article by Cohen [I] which also contains references to the scientific literature on the subject).
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I idealize the object by a rigid sphere gliding on a plane. The sphere is not homogeneous and the centre of gravity does not coincide with the geometric centre. In the static equilibrium position, the centre of gravity of course sits below the centre of the sphere. The strange properties of the spinning top only show up if it is set into sufliciently fast rotational motion. After an initial phase of rather wild behaviour, the object is then driven into a state where the centre of gravity is at rest and where the top spins around a vertical axis through this centre.
Remarkably, in this phase of the motion, the centre of gravity always sits above the centre of the sphere. It may take quite a while for the energy of this state to he dissipated, but, finally, the top of course flips over, winding up in the static equilibrium position. I wish to show that this strange behaviour can be understood by analysing the geometry of spheres and planes. Although energy dissipation plays a significant role here, only the geometrical properties of the frictional forces turn out to be relevant.
Denote the moment of inertia for rotations around nates (x,y,z) and use Euler angles (+,ff,$)
for the angular orientation of the sphere (identifying the symmetry axis with the z-axis of the body-fmed frame, the matrix R which specifies the relative orientation of this frame with respect to the inertial system is decomposed as Rx(+)Rx(ff)Rs($); in particular, ff is the angle of inclination of the symmetry axis). The Lagrangian then takes the form
For the sphere to touch the plane z = 0, the centre of gravity must obey the constraint where R is the radius of the sphere and rR is the distance of the centre of gravity from the centre of the sphere. The static equilibrium position corresponds to 19 = 0. Eliminating the supertluous variable z, the position of the top is characterized by five coordinates, q' = ( x , y , +o,ff, $). The corresponding momenta are defined by In the absence of friction, the rhs vanishes. Since L is independent of the coordinates x, y. p, $, the corresponding momenta ps, pv, pu, p+ as well as the energy then remain conserved. In reality, friction gradually converts the energy of the ordered motion into heat. The queer phenomenology of the tippe top originates in the fact that dissipation oocurs through several different processes which are characterized by different time scales. The dominant contribution stems from gliding. The velocity of the body-6xed point which momentarily touches the plane is given by
If this velocity does not vanish, the sphere glides over the plane, generating frictional forces. In due course, the motion is guided into one where gliding does not occur, i.e. one where v'vanishes. Motions where the sphere rolls rather than glides or where it spins around an axis through the point of contact are not attenuated by the above type of friction. Of course, the energy stored in these degrees of freedom eventually also dissipates. Rolling or spinning, however, generates less friction, the rate of energy dissipation being considerably smaller than in the case of gliding. Starting with random initial conditions, the top therefore first passes through a phase where friction is mainly due to gliding, followed by a second phase of glideless, nearly stationary motion. Finally, the frictional forces generated by rolling and spinning do their job and bring the motion to a complete standstill (with some experience in handling top candidates, the Erst phase only takes a few seconds while the second one may last for half a minute or so; beginners often'waste a considerable fraction of the energy in translational motion, such that the first phase then lasts longer and a rather large table may be required to successfully perform the experiment). Now comes what the psychologist refers to as 'Aha-Erlebnis': the frictional forces generated by gliding respect a conservation law. If the energy dissipation is exclusively due to gliding, then
is an integral of the motion. The physical significance of J is the following. Denote the angular momentum with respect to the centre of gravcy by J. The momentum pu' is the z-component of J and pu represents the projection of J onto the symmetry axis. The linear combination occurring in equation (6) is therefore proportional to the scalar product of the angular momentum with the vector iwhich connects the point of contact with the centre of gravity, J = r'.fJR. Note that the vector F changes in the course of the motion, both in direction and in length. The conservation law (6) states that the corresponding change in the angular momentum must he such that the product i -J remains constant. Remarkably, this conservation law seems to have escaped attention ( I did not work myself through the historical literature; [I] discusses the problem in detail and reviews earlier work on the subject, hut does not mention a conservation law).
The conservation law (6) originates in the geometry of gliding and is independent of the detailed properties of the frictional forces. To simplify the derivation, I nevertheless assume that these forces are proportional to the velocity, i.e. set F, = -AV,, Fv = -Xu,.
Gliding necessarily also generates angular forces proportional to v, or vy. In the following, I neglect the friction generated by rolling or spinning. Since gliding dissipates energy E hut conserves angular momentum J, one may expect the motion to be guided into a state where Etakes the lowest possible value consistent with the magnitude of J. Indeed, this is precisely what happens in our model. Let me first determine the states which minimize the energy at a given value of J. I will return to the claim that the motion necessarily winds up in one of these states later on.
Since the constraint p+ -~p,+ = J does not involve the velocities x, j , ff, the minimum with respect to these variables occurs at
i.e. when the centre of gravity is at rest and the angle of inclination,remains constant. Next, hold t9 k e d and vary +, $ at constan! J, The minimum of the energy is reached if + + e$ = 0 and is given by
E ( f f ) = ~ J* + M g R ( l -e c o s f f ) (10) 2QP)
where e(#) stands for
(11) Finally, we need to determine the value of the angle 6 at which E(6) is minimal. Assume for simplicity that the kinetic energy is large compared to the potential energy, J 2 B MgR0. (12) In this limit, the minima of E(29) coincide with the maxima of the function 0(6), which is quadratic in cos6. In particular, this function obeys In addition to the local minima discussed above, the local maxima also represent motions without friction. Irrespective of the moments of inertia, the configurations 6 = 0 and 6 = li always belong to this category and, if equation (16) is satisfied, the top of the hill in the function E(+) also represents a glideless state of motion. It is clear, however, that energy maxima are unstable with respect to perturbations. If the motion passes through a configuration in the vicinity of the top of the hill, it will he driven downhill, either towards 9 = 0 or towards 29 = li, This completes the proof that gliding friction guides the top into one of the energy minima listed above. In particular, a sphere whose moments of inertia obey the inequality (13) is a tippe top: starting with sufficiently large rotational energy, the motion invariably leads to the inverted configuration 6 = li. If the moments of inertia are in the range (14), then the top always winds up rolling around the centre of gravity, while if they are in the range (IQ, the top is driven into a state where it spins around a vertical axis through the centre of the sphere, the centre ofgravity sitting either above or helow the geometric centre, depending on the initial conditions. The meaning ofthe above inequalities is illustrated by the following examples. (i) Take a homogeneous sphere and attach a mass point to it at the distance a R from the centre. Irrespective of the mass of the point, this object is a tippe top if a < 2 / 5 . If the mass point is further away from the centre, the top instead winds up rolling around the centre of gravity, the angle of inclination being given by cos6 = -2 1 5~. (ii) Consider a sphere whose mass is concentrated to a thin slice, at a distance a R from the centre. This object also represents a tippe top, provided a > 4, . For a < 1 this top sometimes tips and sometimes doesn't, but it never ends up rolling.
